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THE UNIQUENESS IN THE DE RHAM-WU DECOMPOSITION
ZHIQI CHEN
Abstract. In this paper, we study the uniqueness in the de Rham-Wu decomposition
for pseudo-Riemannian manifolds.
1. Introduction
A pseudo-Riemannian manifold M is a smooth manifold M with a nondegenerate inner
product 〈·, ·〉 on the fibers of its tangent bundle TM . Let the expression (n+, n−), where
n+ + n− = dimM , denote the signature of 〈·, ·〉. The manifold M is Riemannian if 〈·, ·〉
has signature (dimM, 0), i.e. is positive definite. Let H be the connected component of
the holonomy group of a pseudo-Riemannian manifold M at some point o.
There has been a lot of progress in the study on pseudo-Riemannian manifolds, such
as semi-Riemannian manifolds with a doubly warped structure ([14]), the classification
of indecomposable holonomy groups of Lorentzian manifolds ([3, 9, 10, 12, 16]), pseudo-
Riemannian manifolds of index 2 ([11, 15]) and pseudo-Riemannian manifolds with neutral
signature ([4]) and so on. The article [13] gives a good survey in this field.
It is well known that one of the fundamental results in differential geometry is de
Rham’s decomposition theorem for Riemannian manifolds according to their holonomy
representation ([1, 5, 6, 7, 8, 18]). The generalization to the pseudo-Riemannian case is
due to Wu ([19, 20]), which is called de Rham-Wu decomposition. But in the de Rham-Wu
decomposition, the uniqueness is proved only when the maximal trivial subspace of the
holonomy group is nondegenerate. Here the maximal trivial subspace of H in the tangent
space Mo of M at o is defined by
(Mo)
H = {v ∈Mo | hv = v for any h ∈ H}.
That nondegeneracy condition applies only to some pseudo-Riemannian manifolds. In
this paper we give a more general condition which implies uniqueness for the de Rham-
Wu decomposition.
We call Mo indecomposable if it is not the orthogonal direct sum of two proper H-
invariant nondegenerate subspaces, otherwise decomposable; Mo not reducible if it is not
the direct sum of two proper H-invariant subspaces, otherwise reducible. In the Riemann-
ian case, the term “indecomposable” is equivalent with the term “not reducible”. But
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in the pseudo-Riemannian case, there exists a pseudo-Riemannian manifold M such that
Mo is indecomposable but reducible. Assume that Mo = M
1
o ⊕ · · · ⊕M
p
o is an orthogonal
decomposition of Mo into indecomposable H-invariant subspaces. Let Card(M,o) de-
note the number of the subspaces M io in the above decomposition satisfying the following
conditions:
(1) M io is reducible, and
(2) {v ∈M io | hv = v for any h ∈ H} 6= 0.
An example in [20] shows that the decomposition of the holonomy group into indecom-
posable normal subgroups is not necessary unique up to the order if Card(M,o) = 2 for
some decomposition of Mo. In this paper, we prove that if Card(M,o) ≤ 1, then
(1) Card(M,o) can’t vary with the decomposition of Mo;
(2) the decomposition of the tangent spaceMo ofM at o into a direct sum of orthogonal
subspaces Mo = M
0
o ⊕M
1
o ⊕· · ·⊕M
p
o is unique up to a certain map, where H acts
trivially on M0o and indecomposably on M
1
o , · · · ,M
p
o ;
(3) and the decomposition of H into indecomposable normal subgroups is unique up
to the order.
Here we need to point out:
(1) The case given in the de Rham-Wu decomposition, i.e. the maximal trivial sub-
space of the holonomy group is nondegenerate, is a special case of Card(M,o) = 0.
(2) When Card(M,o) ≤ 1, the decomposition of Mo is not necessary to be unique up
to the order, but the decomposition of H is unique up to the order.
(3) If Mo is indecomposable but reducible, then there exists a decomposition of Mo
into the direct sum of two isotropic H-invariant subspaces, in particular, Mo must
have a neutral signature (see Theorem 32 of [2]). What about the inverse problem?
Anyway, we have a necessary condition for Card(M,o) ≤ 1 by checking the sig-
nature of M io. In particular, if M is a Lorentzian manifold, then Card(M,o) ≤ 1.
Thus the decomposition of the holonomy group of M into indecomposable normal
subgroups is unique up to the order.
2. Preliminaries
Let S(Mo,H) denote the vector subspace spanned by v−hv for any v ∈Mo and h ∈ H.
Lemma 2.1. Let notation be as above. Then (Mo)
H = (S(Mo,H))
⊥.
Proof. In fact, v ∈ (S(Mo,H))
⊥, if and only if 〈v,w − hw〉 = 0 for any w ∈ Mo and
h ∈ H, if and only if 〈v,w〉 − 〈v, hw〉 = 0 for any w ∈ Mo and h ∈ H, if and only if
〈v,w〉 − 〈h−1v,w〉 = 0 for any w ∈ Mo and h ∈ H, if and only if 〈v − hv,w〉 = 0 for any
w ∈Mo and h ∈ H, if and only if v − hv = 0 for any h ∈ H, i.e., v ∈ (Mo)
H . 
The following is the de Rham-Wu decomposition theorem.
Theorem 2.2 ([19, 20], de Rham-Wu decomposition theorem). Let (M, 〈·, ·〉) be a pseudo-
Riemannian manifold and let H be the connected component of its holonomy group at a
point o ∈M . Then
THE UNIQUENESS IN THE DE RHAM-WU DECOMPOSITION 3
(1) The tangent space Mo of M at o decomposes into a direct sum of orthogonal sub-
spaces
Mo =M
0
o ⊕M
1
o ⊕ · · · ⊕M
p
o (2.1)
such that H acts trivially on M0o and indecomposably on M
1
o , · · · ,M
p
o . Moreover,
H is a direct product
H = H1 ×H2 × · · · ×Hp (2.2)
of normal subgroups, where each H i acts trivial on M jo , for i 6= j, and indecom-
posably on M io.
(2) If the maximal trivial subspace of H in Mo is non-degenerate with respect to the
metric 〈·, ·〉, then the decompositions in (2.1) and (2.2) are unique up to order.
(3) (M, 〈·, ·〉) is locally isometric to a pseudo-Riemannian product manifold
(M, 〈·, ·〉) ≃ (M0, 〈·, ·〉0)× (M1, 〈·, ·〉1)× · · · × (Mp, 〈·, ·〉p) (2.3)
where (M0, 〈·, ·〉0) is flat or empty, and H acts indecomposably on the tangent
spaces of M i, which are equal to the M io’s in (2.1).
(4) If, in addition, M is simply connected and (M, 〈·, ·〉) geodesically complete, then
the decomposition (2.3) is global and the H i’s in the direct decomposition (2.2) are
the holonomy groups of the (M i, 〈·, ·〉)’s.
Obviously, if H is the connected component of the holonomy group of a pseudo-
Riemannian manifold M at the point o, then Mo admits an orthogonal decomposition
into H-invariant subspaces
Mo = M
0
o ⊕M
1
o ⊕ · · · ⊕M
p1
o ⊕M
p1+1
o ⊕ · · · ⊕M
p1+p2
o ,
where M io : 0 ≤ i ≤ p1 + p2 satisfy the following conditions:
(1) M0o is a maximal nondegenerate subspace in (Mo)
H ,
(2) M io is indecomposable for any 1 ≤ i ≤ p1 + p2,
(3) (M io)
H = 0 for any 1 ≤ i ≤ p1, and (M
p1+i
o )H 6= 0 is isotropic for any 1 ≤ i ≤ p2.
Assume that V is a nondegenerate, indecomposable and H-invariant subspace with V H =
0. By the proof given in Appendix 1 of [20],
V = M io for some 1 ≤ i ≤ p1.
Furthermore, any orthogonal decomposition of Mo into H-invariant subspaces is
Mo = N
0
o ⊕M
1
o ⊕ · · · ⊕M
p1
o ⊕N
p1+1
o ⊕ · · · ⊕N
p1+q2
o ,
where N0o is a maximal nondegenerate subspace in (Mo)
H , Np1+io is indecomposable, and
(Np1+io )H 6= 0 is isotropic for any 1 ≤ i ≤ q2.
3. Card(M,o) = 0
For a pseudo-Riemannian manifold M , p2 = 0 for every decomposition of Mo if (Mo)
H
is nondegenerate, and then Card(M,o) = 0. The following is to discuss the case for p2 ≥ 1
and Card(M,o) = 0.
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3.1. De Rham decomposition of pseudo-Riemannian manifolds. This subsection
is to prove the reformulated de Rham decomposition:
Theorem 3.1. Let M be a pseudo-Riemannian manifold and H the connected component
of its holonomy group at the point o. Let
Mo = M
0
o ⊕M
1
o ⊕ · · · ⊕M
p1
o ⊕M
p1+1
o ⊕ · · · ⊕M
p1+p2
o , (3.1)
= N0o ⊕M
1
o ⊕ · · · ⊕M
p1
o ⊕N
p1+1
o ⊕ · · · ⊕N
p1+q2
o (3.2)
be orthogonal decompositions of Mo into H-invariant subspaces, where
(1) M0o and N
0
o are maximal nondegenerate subspaces in (Mo)
H ,
(2) M io : 1 ≤ i ≤ p1 + p2 and N
i
o : 1 ≤ i ≤ p1 + q2 are indecomposable,
(3) (M io)
H = 0 for any 1 ≤ i ≤ p1, (M
p1+i
o )H 6= 0 is isotropic for any 1 ≤ i ≤ p2, and
(Np1+jo )H 6= 0 is isotropic for any 1 ≤ j ≤ q2.
If Card(M,o) = 0 for the decomposition (3.1), then we have:
(1) Card(M,o) = 0 for the decomposition (3.2),
(2) p2 = q2; dimM
p1+i
o = dimN
p1+i
o and S(M
p1+i
o ,H) = S(N
p1+i
o ,H) for any 1 ≤ i ≤
p2 by changing the subscripts if necessary,
(3) For p1 + 1 ≤ i ≤ p1 + p2, there exists πi from M
i
o to N
i
o such that πi is 1− 1 and
〈πi(x), πi(x)〉 = 〈x, x〉 for any x ∈ M
i
o. So π = (π0, id, · · · , id, πp1+1, · · · , πp1+p2)
keeps the metric invariant. Here π0 is the projection from M
0
o onto N
0
o . That is,
the decomposition is unique up to a map which keeps the metric invariant.
It is enough to prove Theorem 3.1 for p1 = 0. In the beginning, we will prove that
Theorem 3.1 holds for p1 = 0 and M
0
o = 0. That is, (Mo)
H is isotropic. Then Mo admits
an orthogonal decomposition into H-invariant subspaces
Mo = M
1
o ⊕ · · · ⊕M
p
o , (3.3)
where M io is indecomposable and (M
i
o)
H 6= 0 is isotropic for any 1 ≤ i ≤ p. Let H =
H1 × · · · × Hp be the decomposition of H associated with the decomposition (3.3). Let
Mo = N
1
o⊕· · ·⊕N
q
o be another decomposition and H = G1×· · ·×Gq be the decomposition
of H respectively.
Lemma 3.2. S(M1o ,H
1) 6= 0.
Proof. If not, M1o = (M
1
o )
H1 by Lemma 2.1. Then M1o ⊂ (Mo)
H , which contradicts the
fact that the maximal trivial subspace of H is isotropic. 
Then there exists x ∈ M1o and h ∈ H
1 such that x − hx 6= 0. Let x = x1 + · · · + xq
and h = g1g2 · · · gq be the expression of x and H associated with Mo = N
1
o ⊕ · · · ⊕N
q
o and
H = G1 × · · · ×Gq respectively. Then
0 6= x− hx =
q∑
i=1
(xi − hxi) =
q∑
i=1
(xi − gixi).
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Without loss of generality, assume that x1 − g1x1 6= 0. That is,
M1o ∩N
1
o 6= 0
since x1 − g1x1 = x− g1x ∈M
1
o ∩N
1
o .
Furthermore by the assumption that Card(M,o) = 0 for the decomposition (3.3), i.e.,
M io is not reducible for any 1 ≤ i ≤ p, we have
Lemma 3.3. M1o ∩ (N
2
o ⊕ · · · ⊕N
q
o ) = 0.
Proof. If M1o = (M
1
o ∩N
1
o )⊕ (M
1
o ∩ (N
2
o ⊕ · · · ⊕N
q
o )), then M1o ∩ (N
2
o ⊕ · · · ⊕N
q
o ) = 0 by
the assumption and M1o ∩ N
1
o 6= 0. Or there exists x ∈ M
1
o such that x 6∈ (M
1
o ∩ N
1
o ) ⊕
(M1o ∩ (N
2
o ⊕ · · · ⊕N
q
o )). Let
x = x1 + x2
be the expression of x associated with the decomposition Mo = N
1
o ⊕ (N
2
o · · · ⊕N
q
o ). Let
x1 = x
1
1 + x
2
1 and x2 = x
1
2 + x
2
2
be the expression of xi, i = 1, 2 associated with the decomposition Mo = M
1
o ⊕ (M
2
o ⊕· · ·⊕
M
p
o ). So x = x11 + x
2
1 + x
1
2 + x
2
2. Thus
x = x11 + x
1
2 and x
2
1 + x
2
2 = 0.
Clearly x11−hx
1
1 ∈M
1
o and x
1
2−hx
1
2 ∈M
1
o for any h ∈ H. For any h ∈ H, let h = h1h2 be
the expression of h associated with the decomposition H = H1 × (H2 × · · · ×Hp). Then
x11 − hx
1
1 = x
1
1 − h1x
1
1 = x1 − x
2
1 − h1(x1 − x
2
1) = x1 − h1x1 ∈ N
1
o ,
x12 − hx
1
2 = x
1
2 − h1x
1
2 = x2 − x
2
2 − h1(x2 − x
2
2) = x2 − h1x2 ∈ ⊕
q
i=2N
i
o.
It follows that for any h ∈ H,
hx11 ∈ x
1
1 +M
1
o ∩N
1
o and hx
1
2 ∈ x
1
2 +M
1
o ∩ (N
2
o ⊕ · · · ⊕N
q
o ).
That is, b1 = Rx11+M
1
o ∩N
1
o and b2 = Rx
1
2+M
1
o ∩ (N
2
o ⊕· · ·⊕N
q
o ) are H-invariant. Since
x 6∈ (M1o ∩N
1
o )⊕ (M
1
o ∩ (N
2
o ⊕ · · · ⊕N
q
o )) and x = x11 + x
1
2, we have
(M1o ∩N
1
o )⊕ (M
1
o ∩ (N
2
o ⊕ · · · ⊕N
q
o )) $ b1 ⊕ b2
If M1o = b1 ⊕ b2, b2 = 0 by the assumption. In particular, M
1
o ∩ (N
2
o ⊕ · · · ⊕N
q
o ) = 0. If
M1o 6= b1⊕ b2, since dimM
1
o ≤ ∞, repeating the above discussion, there exist H-invariant
subspaces bk1 and b
k
2 satisfying
M1o = b
k
1 ⊕ b
k
2.
By the assumption, bk2 = 0. In particular, M
1
o ∩ (N
2
o ⊕ · · · ⊕N
q
o ) = 0. 
Lemma 3.4. The projection π1 from M
1
o to N
1
o is 1 − 1 and 〈π1(x), π1(x)〉 = 〈x, x〉 for
any x ∈M1o .
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Proof. Let π1 : M
1
o → N
1
o be the projection from M
1
o to N
1
o . Since ker π ⊂ M
1
o ∩ (N
2
o ⊕
· · · ⊕ N qo ) = 0, we have that π is injective. For any x ∈ M1o , let x = x1 + x2 be the
expression of x associated with the decomposition Mo = N
1
o ⊕ (N
2
o ⊕ · · · ⊕ N
q
o ). Then
g1x2 − x2 = 0 for any g1 ∈ G
1. Moreover for any g2 ∈ G
2 × · · · ×Gq,
x2 − g2x2 = x− g2x ∈M
1
o ∩ (N
2
o ⊕ · · · ⊕N
q
o ) = 0,
i.e., x2 ∈ (Mo)
H . It follows that π1(M
1
o ) is an H-invariant subspace of N
1
o . By the fact
x2 ∈ (Mo)
H , we also have
〈x, x〉 = 〈x1 + x2, x1 + x2〉 = 〈x1, x1〉+ 〈x2, x2〉 = 〈π1(x), π1(x)〉.
It follows that π1(M
1
o ) is an H-invariant nondegenerate subspace of N
1
o . Then π1(M
1
o ) =
N1o since N
1
o is indecomposable. Namely π1 is 1− 1. 
By Lemma 3.4, N1o is not reducible since M
1
o is not reducible, and for any x ∈ M
1
o ,
x = x1 + x2 where x1 ∈ N
1
o and x2 ∈ (Mo)
H . It follows that S(M1o ,H)) ⊂ S(N
1
o ,H).
Similarly S(N1o , G
1) ⊂ S(M1o ,H
1) since N1o is irreducible. That is,
S(M1o ,H) = S(M
1
o ,H
1) = S(N1o , G
1) = S(N1o ,H).
Repeating the above discussion for j = 2, 3, · · · , p, we have proved Theorem 3.1 for p1 = 0
and M0o = 0.
The following is to prove Theorem 3.1 for p1 = 0. That is, Mo admits an orthogonal
decomposition into H-invariant subspaces
Mo = M
0
o ⊕M
1
o ⊕ · · · ⊕M
p
o , (3.4)
where M0o is a maximal nondegenerate subspace in (Mo)
H , M io is indecomposable and
(M io)
H 6= 0 is isotropic for any 1 ≤ i ≤ p. Let H = H1 × · · · ×Hp be the decomposition
of H associated with the decomposition (3.4). Let Mo = N
0
o ⊕N
1
o ⊕ · · · ⊕N
q
o be another
decomposition and H = G1× · · · ×Gq be the decomposition of H respectively. Similar to
the proof of Lemma 3.2, we have
S(M1o ,H) 6= 0.
Then there exists 0 ≤ k ≤ q such that M1o ∩ N
k
o 6= 0. Obviously k 6= 0. So 1 ≤ k ≤ q.
Without loss of generality, assume that k = 1. Similar to the proof of Lemma 3.3, we have
M1o ∩ (N
0
o ⊕N
2
o ⊕ · · · ⊕N
q
o ) = 0.
Lemma 3.5. The projection π′1 from M
1
o to N
1
o is 1− 1.
Proof. Similar to the proof of Lemma 3.4, the projection π′1 from M
1
o to N
1
o is injective,
and for any x ∈M1o , x = x1 + x2 where x1 ∈ N
1
o and x2 ∈ (Mo)
H . It follows that π′1(M
1
o )
is an H-invariant subspace of N1o and
S(M1o ,H) ⊂ S(N
1
o ,H).
Since (M1o )
H is isotropic, by Lemma 2.1, we have (M1o )
H ⊂ ((M1o )
H)⊥ = S(M1o ,H).
Let {x1, · · · , xr, xr+1, · · · , xn, xn+1 · · · , xn+r} be a basis of M
1
o , where (M
1
o )
H is spanned
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by {x1, · · · , xr}, S(M
1
o ,H) is spanned by {x1, · · · , xn}, and the matrix of the metric
associated with the basis is 

0 0 Ir
0 An−r 0
Ir 0 0

 ,
where Ir is the identity matrix of r× r and An−r is a diagonal matrix with the element ǫi,
i.e., the sign. Then {x1, · · · , xr, · · · , xn, π(xn+1), · · · , π(xn+r)} is a basis of π
′
1(M
1
o ), and
the matrix of the metric associated with the basis is


0 0 Ir
0 An−r 0
Ir 0 B

 ,
which is nondegenerate. That is, π′1(M
1
o ) is H-invariant and nondegenerate. Since N
1
o is
indecomposable, we have π′1(M
1
o ) = N
1
o . Namely, π
′
1 is 1− 1. 
By Lemma 3.5, N1o is not reducible since M
1
o is not reducible, dimM
1
o = dimN
1
o ,
(M1o )
H = (N1o )
H , and S(M1o ,H) = S(N
1
o ,H). By the proof of Lemma 3.5, we have
π′1(x) = x for any x ∈ S(M
1
o ,H) and
〈π′1(xi), π
′
1(xj)〉 = 〈xi, xj〉 for any 1 ≤ i ≤ n+ r, 1 ≤ j ≤ n.
Let xs = xs0 + xs1 + xs2 be the expression of xs associated with the decomposition
Mo = N
0
o ⊕N
1
o ⊕ (N
2
o ⊕ · · · ⊕N
q
o ) for any n+ 1 ≤ s ≤ n+ r. For any n+ 1 ≤, t ≤ n+ r,
0 = 〈xs, xt〉 = 〈xs0 , xt0〉+ 〈xs1 , xt1〉
since xs2 ∈ (Mo)
H ∩ (N2o ⊕ · · · ⊕N
q
o ). Let
x′s1 = xs1 +
1
2
〈xs0 , xs0〉xs−n +
n+r∑
l=s+1
〈xl0 , xl0〉xl−n.
It is easy to check
〈x′s1 , x
′
s1
〉 = 〈xs1 , xs1〉+ 〈xs0 , xs0〉 = 0, n+ 1 ≤ s ≤ n+ r;
〈x′s1 , x
′
t1
〉 = 〈xs1 , xt1〉+ 〈xs0 , xt0〉 = 0, n+ 1 ≤ s < t ≤ n+ r.
Define π1 : M
1
o → N
1
o by
π1(xj) = xj , 1 ≤ j ≤ n; π1(xj) = x
′
j1
, n+ 1 ≤ j ≤ n+ r.
Then π1 is 1− 1 from M
1
o onto N
1
o and 〈π(x), π(x)〉 = 〈x, x〉 for any x ∈M
1
o .
Clearly, the projection π0 : M
0
o → N
0
o is 1 − 1 and 〈π0(x), π0(x)〉 = 〈x, x〉 for any
x ∈M0o . Repeating the above discussion for j = 2, 3, · · · , p, we have proved Theorem 3.1
for p1 = 0, i.e., Theorem 3.1 holds.
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3.2. Holonomy groups of pseudo-Riemannian manifolds. Let M be a pseudo-
Riemannian manifold and H the connected component of its holonomy group at the point
o. Then Mo admits an orthogonal decomposition into H-invariant subspaces:
Mo = M
0
o ⊕M
1
o ⊕ · · · ⊕M
p
o , (3.5)
where M0o is a maximal nondegenerate subspace of (Mo)
H and M io is indecomposable for
any 1 ≤ i ≤ p. Let H = H1 × · · ·Hp be the corresponding decomposition of H associated
with the decomposition (3.5). Here H i is a normal subgroup of H for any 1 ≤ i ≤ p, each
H i is indecomposable and H i acts trivially on Mko if k 6= i.
Let Card(M,o) = 0 for the decomposition (3.5). By Theorem 3.1, Card(M,o) = 0
for every decomposition, and any other orthogonal decomposition of Mo into H-invariant
indecomposable subspaces is, by changing the order if necessary,
Mo = N
0
o ⊕N
1
o ⊕ · · · ⊕N
p
o ,
where dimM io = dimN
i
o and S(M
i
o,H) = S(N
i
o,H) for any 1 ≤ i ≤ p. Let H = G
1×· · ·×
Gp be the decomposition of H associated with the decompositionMo = N
0
o⊕N
1
o⊕· · ·⊕N
p
o .
Here Gi is a normal subgroup of H for any 1 ≤ i ≤ p, each Gi is indecomposable and Gi
acts trivially on Nko if k 6= i.
For any h ∈ H i, let h = g1 · · · gp be the expression of h associated with the decomposition
H = G1 × · · · ×Gp. For any x ∈ N jo , by the discussion in the previous subsection,
x = x1 + x2,
where x1 ∈M
j
o and x2 ∈ (Mo)
H . It follows that, when i 6= j,
hx = hx1 + hx2 = x1 + x2 = x = gjx,
which shows that gj is the identity map when j 6= i, i.e., H
i ⊂ Gi. Similarly, Gi ⊂ H i.
Namely H i = Gi. In a word,
Theorem 3.6. Let M be a pseudo-Riemannian manifold and H the connected component
of its holonomy group at the point o. Then H is the direct product of a finite number of its
normal subgroups which are indecomposable. If Card(M,o) = 0, then the decomposition is
unique up to the order.
4. Card(M,o) ≥ 1
Example 3(b) in [20] shows that the decomposition of the holonomy group is not nec-
essary unique up to the order if Card(M,o) = 2 for some decomposition of Mo. For the
case Card(M,o) = 1, we have
Theorem 4.1. Let M be a pseudo-Riemannian manifold and H the connected component
of its holonomy group at the point o. Let
Mo = M
0
o ⊕M
1
o ⊕ · · · ⊕M
p1
o ⊕M
p1+1
o ⊕ · · · ⊕M
p1+p2
o , (4.1)
= N0o ⊕M
1
o ⊕ · · · ⊕M
p1
o ⊕N
p1+1
o ⊕ · · · ⊕N
p1+q2
o (4.2)
be orthogonal decompositions of Mo into H-invariant subspaces, where
THE UNIQUENESS IN THE DE RHAM-WU DECOMPOSITION 9
(1) M0o and N
0
o are maximal nondegenerate subspaces in (Mo)
H ,
(2) M io : 1 ≤ i ≤ p1 + p2 and N
i
o : 1 ≤ i ≤ p1 + q2 are indecomposable,
(3) (M io)
H = 0 for any 1 ≤ i ≤ p1, (M
p1+i
o )H 6= 0 is isotropic for any 1 ≤ i ≤ p2, and
(Np1+jo )H 6= 0 is isotropic for any 1 ≤ j ≤ q2.
If Card(M,o) = 1 for the decomposition (3.1), then we have:
(1) Card(M,o) = 1 for the decomposition (3.2),
(2) p2 = q2; dimM
p1+i
o = dimN
p1+i
o and S(M
p1+i
o ,H) = S(N
p1+i
o ,H) for any 1 ≤ i ≤
p2 by changing the subscripts if necessary,
(3) For p1 + 1 ≤ i ≤ p1 + p2, there exists πi from M
i
o to N
i
o such that πi is 1− 1 and
〈πi(x), πi(x)〉 = 〈x, x〉 for any x ∈ M
i
o. So π = (π0, id, · · · , id, πp1+1, · · · , πp1+p2)
keeps the metric invariant. Here π0 is the projection from M
0
o onto N
0
o .
(4) The decomposition of the holonomy group H into indecomposable normal subgroups
is unique up to the order.
Proof. Since Card(M,o) = 1, we know only one component in the decomposition making
a contribution to Card(M,o). Assume that it is Mp1+p2o . Considering M
p1+i
o for 1 ≤ i ≤
p2− 1 and following the proof of Theorem 3.1, we have N
p1+i
o for 1 ≤ i ≤ p2− 1 satisfying
the theorem. In order to proof this theorem, it is enough to find Np1+p2o corresponding
to Mp1+p2o . Take x ∈ N
p1+p2
o ∩ ⊕
p1+p2−1
i=0 M
i
o. Let x = x0 + x1 + · · · + xp1+p2−1 be an
expression of x corresponding to ⊕p1+p2−1i=0 M
i
o. Considering hx − x for any h ∈ H, we
have that xi ∈ (M
i
o)
H for any 1 ≤ i ≤ p1 + p2 − 1 by S(M
i
o,H) = S(N
i
o,H) for any
1 ≤ i ≤ p1 + p2 − 1. That is, x ∈ (Mo)
H ∩ Np1+p2o . Then x is isotropic, which implies
x0 = 0. Also for any 1 ≤ i ≤ p1 + p2 − 1, xi ∈ (M
i
o)
H ⊂ S(M io,H) = S(N
i
o,H).
By the expression of x, xi = 0 for any 1 ≤ i ≤ p1 + p2 − 1. Then x = 0. Namely
N
p1+p2
o ∩ ⊕
p1+p2−1
i=0 M
i
o = 0. It follows that the project πp1+p2 from N
p1+p2
o to M
p1+p2
o
is injective. By the proof of Lemma 3.4, πp1+p2(N
p1+p2
o ) = M
p1+p2
o . Then the theorem
follows. 
Corollary 4.2. Let M be a Lorentzian manifold and H the connected component of its
holonomy group at the point o. Then the decomposition of H into its indecomposable
normal subgroups is unique up to the order.
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